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We investigate the fðRÞ theory of gravity with broken diffeomorphism due to the change of the
coefficient in front of the total divergence term in the (3þ 1) decomposition of the scalar curvature. We
perform the canonical analysis of this theory and show that its consistent form, i.e. with no unphysical
degrees of freedom, is equivalent to the low-energy limit of the nonprojectable fðRÞHorˇava-Lifshitz theory
of gravity. We also analyze its cosmological solutions and show that the de Sitter solution can be obtained
also in the case of this broken symmetry. The consequences of the proposed theory on the asymptotic
solutions of a few specific models in the cosmological context are also presented.
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I. INTRODUCTION
Recent observational data show that the R2 inflation
model for the early Universe is in remarkable agreement
with the observations [1]. Further, the celebrated cosmo-
logical constant problem can also be explained in the
context of fðRÞ theories of gravity.1 It is also possible to
find a formulation of fðRÞ gravity whose solutions of the
equations of motion capture both the inflation and late-time
behavior of the Universe.
It is important to stress that all these cosmological
solutions depend only on the time, so that they break
the manifest four-dimensional diffeomorphism of general
relativity. Then one can ask the question of whether the
time asymmetry of the Friedmann-Robertson-Walker
(FRW) Universe could also be reproduced by some theory
of gravity with a restricted symmetry group. Indeed, the
celebrated Horˇava-Lifshitz (HL) gravity [3–5] which is an
interesting proposal for a renormalizable theory of gravity
is based on the idea of the restricted invariance of the theory
when the theory is invariant under the so-called foliation-
preserving diffeomorphism. It turns out that there are two
versions of HL gravity, the projectable theory when the
lapse depends only on the time and the nonprojectable
theory with the lapse depending on the spatial coordinates
too [3]. It was subsequently shown in Ref. [6] that the
first versions of nonprojectable Horˇava-Lifshitz gravity
possesses a pathological behavior since the Hamiltonian
constraint is a second-class constraint with itself, which
implies that the phase space is odd-dimensional (for further
discussions, see Ref. [7]). The resolution of this problem
was first suggested in Ref. [8] and further elaborated in
Refs. [9,10], where it was argued that in a theory with
broken full diffeomorphism invariance, it is natural to
include all the terms which contain the spatial gradients
of the lapse and which are invariant under spatial diffeo-
morphism too. Then the Hamiltonian analysis of this theory
shows that this Hamiltonian constraint is a second-class
constraint with the primary constraint πN ≈ 0, where πN is
the momentum conjugate to the lapse N [11–14]. On the
other hand, the fact that the number of constraints is less
than in general relativity implies the existence of an extra
scalar degree of freedom.
These considerations suggest that the full diffeomor-
phism invariance must not be the fundamental symmetry of
gravity. In that case it is natural to consider the possibility
of whether the fðRÞ theory of gravity, which is not invariant
under the full four-dimensional diffeomorphism, can be
consistent with the recent cosmological models. There are
certainly several ways to break full diffeomorphism invari-
ance. The most natural way is to generalize HL gravity to
its fðRÞ-like form as was done in several papers; see for
example Refs. [15–21]. Recently a new interesting proposal
for a theory with the broken full diffeomorphism invariance
was proposed in Ref. [22], which is based on the following
simple modification2:
R→ Rϒ ≡ Rþ ðϒ − 1ÞΞ; ð1Þ
where ϒ is a parameter and Ξ is a four-divergence term that
appears in the decomposition of the Ricci scalar in four
dimensions as [23]*masud.chaichian@helsinki.fi
†ghalee@ut.ac.ir
‡klu@physics.muni.cz
1For a review of fðRÞ theories of gravity, see for instance
Ref. [2].
2A four-divergence term with a coefficient different from 1 was
firstly discussed in Refs. [19,20] when the synthesis of fðRÞ
gravity and HL was proposed.
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R ¼ ð3ÞRþ ðKijKij − K2Þ þ Ξ: ð2Þ
The parameter ϒ now has the meaning of the deformation
parameter that in a similar context was introduced in the case
of fðRÞ HL gravity in Refs. [19,20] while its more physical
interpretation will be given in Secs. Vand VI. It is important
to stress that the last term is a four-divergence and hence for
the Einstein-Hilbert action the modification (1) does not
make sense, since it gives the boundary contribution that
does not affect the equations of motion. On the other hand, it
could have nontrivial consequences in the case of fðRÞ
theories of gravity as was shown in Ref. [22].
Due to the interesting features of this simple idea
[Eq. (1)], we believe it deserves to be studied further. In
particular we would like to give a more physical justifi-
cation for it and see whether the presumptions which were
implicitly used in Ref. [22] have solid physical grounds. In
particular, it is not quite clear whether the Newtonian gauge
used there could be implemented in the theory with the
broken diffeomorphism invariance. Motivated by these
facts, we perform the Hamiltonian analysis of the restricted
fðRÞ gravity. We show, in agreement with Ref. [22], that
the full diffeomorphism invariance is broken. On the
other hand, we show that the naive form of restricted
fðRÞ gravity possesses the same pathological behavior as
the first versions of nonprojectable Horˇava-Lifshitz gravity,
whose description was given above. We resolve this
problem in a similar way as in the case of nonprojectable
HL gravity. More precisely, we show under which con-
ditions the restricted fðRÞ theory could be considered as a
consistent theory from the Hamiltonian point of view. In the
first case we impose an additional constraint on the theory.
However, a careful Hamiltonian analysis of this version
will show that now the theory becomes invariant under the
full four-dimensional diffeomorphism and that it reduces to
the standard Einstein-Hilbert action with a cosmological
constant. The second possibility is to consider an extended
version of restricted fðRÞ gravity when we include the
terms containing spatial gradients of the lapse. However, in
this case we obtain that this theory could be considered as a
low-energy limit of the nonprojectable HL theory of
gravity. We perform the Hamiltonian analysis of this theory,
following Refs. [11–14] and we show that there is an extra
scalar degree of freedom, whose consequences on the
physical spectrum around a FRW background should be
taken into account.
Having constructed a consistent modification of the fðRÞ
theory of gravity, we proceed to the analysis of its
cosmological solutions and we find that the properties of
these solutions depend on the value of the parameter ϒ that
allows us to obtain new solutions which do not exist in the
ordinary fðRÞ theory of gravity.
The structure of this paper is as follows. In the next
section we introduce the original formulation of the
restricted fðRÞ theory of gravity and perform its
Hamiltonian analysis. In Sec. III we study a version of this
theory with an additional constraint imposed and we show
that this theory is equivalent to the ordinary Einstein-Hilbert
one. Then in Sec. IV we propose an extended form of the
restricted fðRÞ theory of gravity with the spatial gradients of
lapse included. In Sec. V we study some cosmological
solutions of such a theory. Finally, in Sec. VI, we outline our
results and suggest a possible extension of the work.
II. RESTRICTED f ðRÞ GRAVITY
Let us consider the four-dimensional manifold M with
the coordinates xμ, μ ¼ 0;…; 3, where xμ ¼ ðt;xÞ,
x ¼ ðx1; x2; x3Þ. We assume that this space-time is
endowed with the metric gˆμνðxÞ with signature
ð−;þ;þ;þÞ. Suppose thatM can be foliated by a family
of space-like surfaces Σt defined by t ¼ x0. In this work, we
are interested in the cosmological implications of our
model. So, we will use the flat Friedmann-Robertson-
Walker Universe for which Σt¼R3. So, Let gij, i, j¼ 1,
2, 3 denote the metric on Σt with its inverse gij, so that
gijgjk ¼ δki . We further introduce the operator ∇i, which is
the covariant derivative defined by the metric gij. We
introduce the future-pointing unit normal vector nμ to the
surface Σt. In Arnowitt-Deser-Misner (ADM) variables
we have n0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−gˆ00
p
, ni ¼ −gˆ0i=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−gˆ00
p
. We also define
the lapse function N ¼ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−gˆ00
p
and the shift function
Ni ¼ −gˆ0i=gˆ00. In terms of these variables we write the
components of the metric gˆμν as
gˆ00 ¼ −N2 þ NigijNj; gˆ0i ¼ Ni; gˆij ¼ gij;
gˆ00 ¼ − 1
N2
; gˆ0i ¼ N
i
N2
; gˆij ¼ gij − N
iNj
N2
: ð3Þ
Then it is easy to see thatﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
− det gˆ
p
¼ N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det g
p
: ð4Þ
Further we define the extrinsic derivative
Kij ¼
1
2N
ð∂tgij −∇iNj −∇jNiÞ: ð5Þ
It is well known that the components of the Riemann tensor
can be written in terms of ADM variables.3 For example, in
the case of the Riemann curvature we have
R ¼ KijKij − K2 þ ð3ÞRþ
2ﬃﬃﬃﬃﬃﬃ
−gˆ
p ∂μð
ﬃﬃﬃﬃﬃﬃ
−gˆ
p
nμKÞ
−
2ﬃﬃ
g
p
N
∂ið ﬃﬃgp gij∂jNÞ
¼ KijKij − K2 þ ð3ÞRþ Ξ: ð6Þ
3For a review and an extensive list of references, see Ref. [23].
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The restricted fðRÞ gravity is based on the idea that we
modify R in the following way:
R → Rþ ðϒ − 1ÞΞ; ð7Þ
where ϒ is a constant. Then we consider the action in the
form
SfðRÞ ¼
1
κ2
Z
dtd3x
ﬃﬃ
g
p
NfðRþ ðϒ − 1ÞΞÞ: ð8Þ
Note that, since Σt ¼ R3 has no boundary, we have not
considered any boundary term in the action.4 Our goal is to
perform the Hamiltonian analysis of the action (8). We
introduce two auxiliary scalar fields A and B and rewrite the
action in the equivalent form
SfðRÞ ¼
1
κ2
Z
dtd3x
ﬃﬃ
g
p
NðfðAÞ þ BðRþ ðϒ − 1ÞΞ − AÞÞ:
ð9Þ
It can be easily seen that the action (9) is equivalent to the
action (8) when we solve the equation of motion for B and
gives A ¼ Rþ ðϒ − 1ÞΞ. Inserting this result back into
Eq. (9) we obtain Eq. (8). Now using the explicit form of Ξ
we can rewrite the action (9) in the form
SfðRÞ ¼
1
κ2
Z
dtd3xð ﬃﬃgp NBðKijGijklKkl þ ð3ÞR − AÞ
þ ﬃﬃgp NfðAÞ − 2ϒ ﬃﬃgp N∇nBgijKji
þ 2ϒ∂iB ﬃﬃgp gij∂jNÞ; ð10Þ
where we have introduced the DeWitt metric Gijkl
Gijkl ¼ 1
2
ðgikgjl þ gilgjkÞ − gijgkl; ð11Þ
and where
∇nB ¼ 1N ð∂tB − N
i∂iBÞ: ð12Þ
From Eq. (10) we find the conjugate momenta
πij ¼ 1
κ2
ﬃﬃ
g
p
BGijklKkl−
1
κ2
ϒ
ﬃﬃ
g
p ∇nBgij; πN ≈0; πi≈0;
pB¼−
2
κ2
ϒ
ﬃﬃ
g
p
K; pA≈0: ð13Þ
Then it is easy to find the Hamiltonian density in the form
H ¼ ∂tgijπij þ pB∂tB − L ¼ NHT þ NiHi; ð14Þ
where
HT ¼
κ2ﬃﬃ
g
p
B
πijgikgjlπkl −
κ2
3B
ﬃﬃ
g
p π2 − κ
2
3
ﬃﬃ
g
p ϒpBπ
þ κ
2
6ϒ2 ﬃﬃgp Bp2B −
ﬃﬃ
g
p
κ2
Bðð3ÞR − AÞ − 1
κ2
ﬃﬃ
g
p
fðAÞ
þ 2ϒ
κ2
∂i½ ﬃﬃgp gij∂jB;
Hi ¼ −2gik∇jπjk þ pB∂iB: ð15Þ
Now the requirement of the preservation of the primary
constraints πNðxÞ ≈ 0, πiðxÞ ≈ 0 andpAðxÞ ≈ 0, implies the
following secondary ones:
∂tπNðxÞ ¼ fπNðxÞ; Hg ¼ HTðxÞ ≈ 0;
∂tpiðxÞ ¼ fpiðxÞ; Hg ¼ −HiðxÞ ≈ 0;
∂tpAðxÞ ¼ − 1κ2
ﬃﬃ
g
p
Bþ 1
κ2
ﬃﬃ
g
p
f0ðAÞ≡ GAðxÞ ≈ 0: ð16Þ
Since fpAðxÞ; GAðyÞg ¼ − 1κ2
ﬃﬃ
g
p
f00ðAÞδðx − yÞ, we see
that ðpA;GAÞ are the second-class constraints and hence
can be explicitly solved. In solving the first one, we set pA
strongly equal to zero, while solving the second one, we find
f0ðAÞ ¼ B. Assuming that f0 is invertible, we can express A
as a function of B so that A ¼ ΨðBÞ for some function Ψ.
Finally, since fπij; pAg ¼ fgij; pAg ¼ 0, we see that the
Dirac brackets between the canonical variables coincide
with the Poisson brackets.
Now we proceed to the analysis of the preservation of all
constraints. We begin with the constraint Hi, which we
modify in the following way:
~Hi ¼ Hi þ pA∂iA ¼ −2gik∇jπjk þ pA∂iAþ pB∂iB:
ð17Þ
It is convenient to define the smeared form of these fields
TSðNiÞ ¼
Z
d3xNi ~Hi: ð18Þ
4Generally, this action should be supplemented with the
boundary term in order to make the variation principle well
defined [24]. When one wants to study the isolated objects, e.g.
the black holes, such terms are needed when asymptotically
flat boundary conditions on Σt are imposed. In the case of the
standard fðRÞ theory of gravity such a boundary term has the
form [25,26] 2
H
∂Σ d3yϵ
ﬃﬃﬃﬃﬃjhjp f0ðRÞK with f0ðRÞ ¼ dfdR, where ∂Σ
is the boundary of the manifold, h is the determinant of the
induced metric, K is the trace of the extrinsic curvature of the
boundary ∂Σ and ϵ is equal to 1 if ∂Σ is time-like and −1 if ∂Σ is
space-like. Finally coordinates yα label the boundary ∂Σ. We
propose that in case of the restricted fðRÞ gravity the corre-
sponding boundary term is a simple modification of the boundary
term given above when we replace R with Eq. (30). However the
detailed analysis of this boundary contribution is beyond the
scope of this paper and will be performed elsewhere.
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The reason why one considers the smeared forms (i.e. takes
the constraints integrated by multiplying them with some
smooth functions) is to easily deal with the distributions,
which is the usual and rigorous way, since the pointwise
constraints are distributions and in particular they contain
the delta functions and their derivatives. In principle, one
can perform all the calculations without their smeared
forms, but then more care has to be taken. Then it is easy to
show that TSðNiÞ are the generators of the spatial diffeo-
morphism and that they are the first-class constraints. We
rather focus on the analysis of the Hamiltonian constraint. It
is also convenient to introduce as well the smeared form of
the Hamiltonian constraint
TTðNÞ ¼
Z
d3xNHT: ð19Þ
Our goal is to perform the calculation of the Poisson
bracket between the smeared forms of the Hamiltonian
constraints fTTðNÞ;TTðMÞg. Then after some careful
calculations we find
fTTðNÞ;TTðMÞg ¼ TSððN∇jM −M∇jNÞgjiÞ þ 4
3
ð1 − ϒÞ
Z
d3xðM∇iN − N∇iMÞ πB∇
iB
þ 4ð1 − ϒÞ
Z
d3xðN∇iM −M∇iNÞ π
ij
B
∇jBþ ϒ − 1
3ϒ
Z
d3xðN∇iM −M∇iNÞpB∇iB: ð20Þ
The expression on the first line is the standard form of the
Poisson bracket between smeared forms of the Hamiltonian
constraint for the full diffeomorphism-invariant theory.
On the other, the additional terms in Eq. (20) which are
proportional to ϒ − 1 do not vanish on the constraint
surface and explicitly show the breaking of the full
diffeomorphism invariance. Moreover, this result suggests
that we have a theory where HT is a second-class
constraint, which is the situation that is known from the
analysis of the first versions of nonprojectable Horˇava-
Lifshitz gravity [6,7]. As was argued there, the existence of
one second-class constraint implies that the dimension of
the physical phase space is odd, which should not be. It
turns out that there are two possible ways to resolve this
puzzle. The first one is based on the observation that the
right side of the Poisson bracket (20) vanishes on the
constraint surface when ∂iB ¼ 0. We will discuss this case
in the next section.
III. PROJECTABLE RESTRICTED f ðRÞ GRAVITY
To proceed with the condition ∂iB ¼ 0, we introduce the
following decomposition of the scalar field B:
B ¼ ~Bþ B0; ð21Þ
where
B0 ¼
1R
d3x
ﬃﬃ
g
p
Z
d3x
ﬃﬃ
g
p
B ð22Þ
and hence
R
d3x
ﬃﬃ
g
p ~B ¼ 0. Then the condition ∂iB ¼ 0
implies ~B ¼ KðtÞ for any function KðtÞ. On the other hand,
since
R
d3x
ﬃﬃ
g
p ~B ¼ 0, we obtain that KðtÞ ¼ 0. In other
words, the condition ∂iB ¼ 0 is equivalent to the constraint
ΦI ≡ ~B ≈ 0: ð23Þ
Obviously, we have to ensure that this constraint is also
preserved during the time evolution of the system. To do
that, we also decompose the momenta pB as
pB ¼ ~pB þ
ﬃﬃ
g
p
R
d3x
ﬃﬃ
g
p PB; PB ¼
Z
d3xpB;
Z
d3x ~pB ¼ 0; ð24Þ
where we have the following Poisson brackets:
fB0; PBg ¼ 1; f ~pBðxÞ; B0g ¼ f ~BðxÞ; PBg ¼ 0;
f ~BðxÞ; ~pBðyÞg ¼ δðx − yÞ −
ﬃﬃ
g
p ðyÞR
d3z
ﬃﬃ
g
p ðzÞ : ð25Þ
Finally we have to analyze the requirement of the preser-
vation of the constraint ΦI ≈ 0
∂tΦI ¼ fΦIðxÞ; Hg
¼
Z
d3yN
κ2
3
ﬃﬃ
g
p

~pB þ
ﬃﬃ
g
p
R
d3z
ﬃﬃ
g
p PB − ϒπ

×

δðx − yÞ −
ﬃﬃ
g
p ðyÞR
d3z
ﬃﬃ
g
p ðzÞ

: ð26Þ
In order to preserve the constraint ΦI ≈ 0, it is natural to
impose the following constraint:
ΦII ≡ 1ﬃﬃgp

~pB þ
ﬃﬃ
g
p
R
d3z
ﬃﬃ
g
p PB − ϒπ

≈ 0: ð27Þ
Now thanks to the Poisson bracket (25), we see that there
exists a nonzero Poisson bracket fΦIðxÞ;ΦIIðyÞg ≠ 0, so
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that they are the second-class constraints. We recall that
there are still two additional second-class constraints
pA ≈ 0, GA ≈ 0. Solving these second-class constraints,
we obtain the Hamiltonian constraint HT in the form
HT ¼
κ2ﬃﬃ
g
p
B0

πijgikgjl −
1
2
π2

−
ﬃﬃ
g
p
κ2
B0ðð3ÞR − AÞ
−
1
κ2
ﬃﬃ
g
p
fðB0Þ; ð28Þ
where we have also solvedGA for A as A ¼ ΨðB0Þ. Finally,
note that HT does not depend on PB and hence B0 is
constant on shell and we see that Eq. (28) corresponds to
the Hamiltonian constraint of general relativity with a
cosmological constant when B0 is absorbed into the
definition of κ. In other words, the condition ~B ≈ 0 implies
that the above considered restricted fðRÞ gravity is equiv-
alent to general relativity. For that reason we have to
consider the second possibility when we abandon the
requirement that HT is a first-class constraint.
IV. EXTENDED FORM OF RESTRICTED
f ðRÞ GRAVITY
In this section we show how to resolve the problem with
the naive existence of the second-class constraintHT in the
restricted fðRÞ gravity. The resolution of this puzzle is
based on the fact that whenever we accept that some theory
is not invariant under the full diffeomorphism, it is natural
to include all the terms that are compatible with the spatial
diffeomorphism in the definition of the action. In other
words, we should consider a more general version of
restricted fðRÞ gravity that is similar to the so-called healthy
extension of HL gravity [8–10]. In this section we consider
such a modification of the restricted fðRÞ gravity when we
include in the action additional terms which are invariant
under spatial diffeomorphism. Following the discussion
performed in the case of HL gravity, we also replace the
DeWitt metric by a generalized DeWitt metric which has the
form [3]
~Gijkl ¼ 1
2
ðgikgjl þ gilgjkÞ − λgijgkl; λ ≠ 1
3
;
~Gijkl ¼
1
2
ðgikgjl þ gilgjkÞ −
λ
3λ − 1
gijgkl: ð29Þ
More importantly, due to the fact that the theory is not
invariant under the full four-dimensional diffeomorphism, it
is natural to include the vector ai ¼ ∂iNN in the definition of
the action. In other words, our extended form of restricted
fðRÞ gravity arises when we perform the replacement
R → Kij ~G
ijklKkl þ ð3ÞRþ ϒΞþ γ1aiai þ γ2ð3ÞRijaiaj;
ð30Þ
where γ1, γ2 are the corresponding coupling constants. Then
the action with auxiliary fields A and B has the form
~SfðRÞ ¼
1
κ2
Z
dtd3xð ﬃﬃgp NBðKij ~GijklKkl þ ð3ÞRþ γ1aiai
þ γ2ð3ÞRijaiaj − AÞ þ
ﬃﬃ
g
p
NfðAÞ
− 2ϒ
ﬃﬃ
g
p
N∇nBgijKji þ 2ϒ∂iB ﬃﬃgp gij∂jNÞ: ð31Þ
Nowwe are ready to proceed to the Hamiltonian analysis of
the theory defined by the action (31). Following the same
logic as in Sec. IIwe find theHamiltonian density in the form
H ¼ ∂tgijπij þ pB∂tB − L ¼ NHT þ NiHi; ð32Þ
where
HT ¼
κ2ﬃﬃ
g
p
B
πijgikgjlπkl −
κ2
3
ﬃﬃ
g
p π2 − κ
2
3
ﬃﬃ
g
p ϒpBπ
−
ð1 − 3λÞκ2
12ϒ2 ﬃﬃgp Bp2B
−
ﬃﬃ
g
p
κ2
Bðð3ÞRþ γ1aiai þ γ2ð3ÞRijaiaj − AÞ
−
1
κ2
ﬃﬃ
g
p
fðAÞ þ 2ϒ
κ2
∂i½ ﬃﬃgp gij∂jB;
Hi ¼ −2gik∇jπjk þ pB∂iB: ð33Þ
Note that this form of the Hamiltonian constraint is in
agreement with the constraint (up to the potential term and
terms containing ai) found in Ref. [21].
It is also very important to identify the global constraints
which are related to the action (31). In fact, it is easy to see
that there is a primary global constraint [12]
ΠN ¼
Z
d3xπNN; ð34Þ
which has the following nonzero Poisson brackets with N
and πN :
fΠN; aiðxÞg ¼ 0; fΠN;NðxÞg ¼ −NðxÞ;
fΠN; πNðxÞg ¼ πNðxÞ: ð35Þ
We show below that ΠN is a first-class constraint. It turns
out that we have to be careful with the definition of the local
and global constraints. Following the notation used in
Ref. [14], we define a local constraint as
~πNðxÞ ¼ πNðxÞ −
ﬃﬃ
g
p ðxÞR
d3xN
ﬃﬃ
g
p ΠN: ð36Þ
Saying it differently, we decompose the constraint πNðxÞ
into the local and global constraints, ~πNðxÞ and ΠN ,
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respectively and we denote it symbolically5 by “∞3 − 1”
local constraints ~πNðxÞ, as follows from the fact that the
constraint ~πN obeys the equation
Z
d3xNðxÞ ~πNðxÞ ¼ 0: ð37Þ
Now together with the global constraintΠN , we have a total
number of “∞3” constraints, which is the same as the
number of the original constraints πN .
In summary, the Hamiltonian with the primary con-
straints included has the form
H ¼ ΠN þ
Z
d3xðNHT þ Ni ~Hi þ vN ~πN þ viπi þ vApAÞ:
ð38Þ
Now we have to proceed to the analysis of the preservation
of the primary constraints ~πN ≈ 0, πi ≈ 0, pA ≈ 0 and ΠN .
In the case of the constraint ΠN ≈ 0 we obtain
∂tΠN ¼ fΠN;Hg ¼ −
Z
d3xNHT ≡ −ΠT ≈ 0; ð39Þ
where ΠT ¼
R
d3xNHT ≈ 0 is the global Hamiltonian
constraint [12]. The requirement of the preservation of
the constraints πi ≈ 0 and pA ≈ 0 implies the same con-
straints as in the second section, namely Hi and GA.
Finally, the requirement of the preservation of the con-
straint ~πN ≈ 0 implies
∂t ~πNðxÞ ¼ f ~πNðxÞ; Hg
¼ −HT −
2
κ2
ﬃﬃ
g
p ½Bðγ1aiai þ γ2RijaiajÞ
þ∇i½Bγ1ai þ γ2Rklgkigljaj≡ −CðxÞ: ð40Þ
However, not all of the CðxÞ are independent since we have
Z
d3xNC ¼ ΠT; ð41Þ
where we have ignored the boundary terms. Then we
see that it is natural to introduce “∞3 − 1” independent
constraints ~CðxÞ ≈ 0 defined as
~CðxÞ ¼ CðxÞ −
ﬃﬃ
g
p ðxÞR
d3yN
ﬃﬃ
g
p ΠT; ð42Þ
which obey the relation
Z
d3xNðxÞ ~CðxÞ ¼ 0: ð43Þ
In summary, the total Hamiltonian with all constraints
included has the form
HT ¼ ΠT þ ΠN þ
Z
d3xðN ~C þ Ni ~Hi þ vN ~πN þ viπi
þ vApA þ ΓAGAÞ: ð44Þ
Now we are ready to study the preservation of all the
constraints. It is easy to show that ΠN , ΠT are global first-
class constraints while ~Hi are local first-class constraints.
On the other hand ð ~πN; pA; ~C; GAÞ are the second class
constraints. In summary, we have the following picture of
the restricted fðRÞ gravity. This is a theory which is
invariant under the spatial diffeomorphism with three
local first-class constraints corresponding to this symmetry.
We also have four second-class constraints. Solving these
constraints, we can expressA,pA and ~πN andN as functions
of the dynamical variables. The physical phase space of this
theory is spanned by gij, πij, where six of these degrees of
freedom can be eliminated by gauge fixing of the diffeo-
morphism constraints ~Hi. We see that there is a scalar
graviton degree of freedom as in the nonprojectable HL
gravity with all its consequences on the physical properties
of this theory. Finally, there is also a scalar degree of freedom
B with conjugate momenta pB, as in the ordinary fðRÞ
theory of gravity.
V. COSMOLOGICAL ASPECTS OF THE THEORY
In this section we study the restricted fðRÞ theory of
gravity in the cosmological context for which the FRW
metric is the preferred coordinate system of the Universe.
We will consider mechanisms that lead to an accelerated
expansion phase. To show the mass scale of modified
gravity M, it is convenient to consider the usual fðRÞ
gravity as
fðRÞ
κ2
¼ M
2
PR
2
þM4 ~f

R
M2

: ð45Þ
We also assume that the metric has the standard flat
FRW form
ds2 ¼ −N2ðtÞdt2 þ aðtÞ2dxidxjδij; ð46Þ
where a ¼ aðtÞ is the scale factor. Then the right-hand side
of Eq. (30) takes the following form:
Rϒ ≡ Aþ ϒΞ; ð47Þ
where
5In Ref. [27] the number of such constraints was symbolically
denoted as ∞3 − 1.
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Ξ ¼ −6H
_N
N3
þ 6
_H
N2
þ 18H
2
N2
; A≡ ð1 − 3λÞ 3H
2
N2
;
ð48Þ
and the Hubble parameter is defined as H ≡ _aa.
If we now insert Eqs. (47) and (48) into Eq. (45)
and perform a variation of the action (45) with respect
to N, we obtain
3
2
ð3λ−1ÞM2PH2þM4 ~fþ6ð3λ−1−ϒÞM2H2 ~f0−ϒM2R ~f0
þ72ϒðϒ−1ÞH2 _H ~f00 þ6ϒ2H _R ~f00 ¼ 0; ð49Þ
where we have set N ¼ 1 and R ¼ 6 _H þ 12H2.6 A prime
denotes the derivative with respect to the argument of ~f,
which is defined as
~f ≡ ~f

Rϒ
M2

: ð50Þ
The other equation, which is obtained by variation of the
action with respect to the scale factor, is not an independent
equation.7
We see that the structure and properties of Eq. (49)
depend on whetherϒ is equal to zero or not. In particular, if
we take ϒ ¼ 0, the terms with time derivatives vanish in
Eq. (49). We perform the analysis of this special case later
and rather focus on the more standard case when ϒ ≠ 0.
A. ϒ ≠ 0 case
Since the effective equation-of-state parameter is
defined as
weff ≡ −1 − 2
3
_H
H2
; ð51Þ
there exist different mechanisms to obtain weff < −1=3, as
follows:
(i) The de Sitter solution: The obvious way to have
weff < −1=3 is to require that a constant Hubble
parameter H is a solution of Eq. (49)
3
2
ð3λ − 1ÞM2PH2 þM4 ~f
þ 6ð3λ − 1 − 3ϒÞM2H2 ~f0 ¼ 0; ð52Þ
where
~f ≡ ~f

Rϒ
M2

¼ ~f

ð1 − 3λÞ 3H
2
M2
þ 18 ϒ
M2
H2

:
ð53Þ
If Eq. (52) has at least one solution, we should
determine whether this solution is stable or unstable.
In order to check the stability, we consider a small
perturbation δHðtÞ around the solution as
HðtÞ ¼ H þ δHðtÞ: ð54Þ
Inserting this expression into Eq. (49) and perform-
ing its linearization, we obtain
ϒ2δḦ þ 3Hϒðϒþ λ − 1Þδ _H þ ΓλH2δHðtÞ ¼ 0;
ð55Þ
where
Γλ ≡ ð3λ − 1Þ

M2P
12H2 ~f
00

þ M
2
6H2
~f0
~f00

þ ð3λ − 1 − 3ϒÞð6ϒ − 3λþ 1Þ; ð56Þ
and where we have used Eq. (52). Equation (55) has
a solution δH ∝ expðχHtÞ, where χ is solution of
the following equation:
ϒ2χ2 þ 3ϒðϒþ λ − 1Þχ þ Γλ ¼ 0: ð57Þ
Thus, it is clear that the stability of the de Sitter
solution depends both on the specific form of the
theory and on the values of the parameters. To
compare the new features of the theory with the
usual fðRÞ gravity, let us henceforth in this section
take λ ¼ 1. Then we see that the second term in
Eq. (57) is positive and we have the following
possibilities. For
Γ≡ Γλ¼1 > 0; ð58Þ
the real part of the solutions or the real solutions are
negative. Thus, in this case the Sitter solution is an
attractor solution and is suitable for the late-time
cosmology. As a check we note that for ϒ ¼ 1, both
Eqs. (52) and (56) have the same form as the
corresponding relations derived in Ref. [28]. For
Γ < 0 ð59Þ
the equation (57) has two real solutions, where one
of them, χþ, is positive and the second one, χ−, is
negative. Then the de Sitter solution is unstable since
at late times we have
δHðtÞ ∝ expðχþHtÞ: ð60Þ
In the original Starobinsky model [29] and as well in
the context of asymptotically safe inflation [30], the
unstable de Sitter solution has been used to produce
6The choiceN ¼ 1 can be considered as the gauge fixing of the
first-class constraint ΠN which is the generator of the scale
transformation of N as follows from Eq. (35).
7The equation is the same as the equation which is obtained
by taking time derivative of Eq. (49) with some algebraic
manipulations.
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an inflationary era for the early Universe. The
mechanism is based on the fact that during the time
interval δt, where χþHδt < 1, the solution is close
to the de Sitter solution. Thus, one can define the
number of e-foldings as Ne ¼ Hδt. In order to
solve the horizon problem, we take Ne ¼ 60 which
gives an upper bound on χþ and hence on ϒ too.
Specifically, let us consider the following form of
the function ~f:
~fðR=M2Þ ¼ −M2n=Rn; ð61Þ
where n is a positive number [31]. Then using
Eq. (30), we find that the restricted version of this
theory is given by
~f ¼ −M
2n
½Rþ ðϒ − 1ÞΞÞn ; ð62Þ
so that from Eq. (52) we obtain
H2nþ2 ¼
M2nþ4
M2P
12ϒ − 6
ð18ϒ − 6Þnþ1 : ð63Þ
Inserting Eq. (63) into Eq. (56), we find
Γ ¼ −2 nþ 1
n
ð1 − 3ϒÞ2: ð64Þ
Therefore, for any ϒ and n the de Sitter solution is
unstable. Note also that for ϒ ¼ 1 our discussion is
in agreement with Ref. [31]. To see another example,
consider R2 gravity. In this case Eq. (52) gives
H2 ¼
M2P
36ð1þ 3ϒ2 − 4ϒÞ : ð65Þ
It is important to stress that there is no de Sitter
solution in the case when ϒ ¼ 1, while it exists
when eitherϒ > 1 orϒ < 1=3, as is shown in Fig. 1.
For such values of parameters Eqs. (56) and
(65) give
Γ ¼ −3ð1þ 3ϒ2 − 4ϒÞ: ð66Þ
Thus, all the de Sitter solutions are unstable. Using
Eq. (66), we derive the positive solution of Eq. (57)
in the form
χþ ¼ −
3
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
45
4
þ 3
ϒ2
−
12
ϒ
r
: ð67Þ
So, in order to have χþ < 1=Ne ∼ 0.01, we have to
take 1 < ϒ < 1.1 or 1
3
− 0.1 < ϒ < 1
3
.
(ii) Power-law acceleration: We have shown that for
~f ∼ R−n the de Sitter solution is not stable. On the
other hand, it was shown in Ref. [31] that there exists
another mechanism which produces the accelerated
expansion phase. We would like to investigate
this mechanism in the context of restricted fðRÞ
gravity, while we proceed in a slightly different than
Ref. [31]. Of course our procedure is valid forϒ ¼ 1
and we clarify this point in Ref. [32]. By inserting
Eq. (62) into Eq. (49), we obtain the following form
of the equation:
ð1þ nϒÞ

−1þ 3ϒþ ϒ
_H
H2

2
− nð2 − ϒÞ

−1þ 3ϒþ ϒ
_H
H2

þ 2ϒðϒ − 1Þnðnþ 1Þ
_H
H2
þ nðnþ 1Þϒ2

Ḧ
H3
þ 4
_H
H2

¼ 3M
2
P
M4þ2n
H2þ2n

−6þ 18ϒþ 6ϒ
_H
H2

n
: ð68Þ
Since there is not any stable de Sitter solution, as
time passes the right-hand side of Eq. (68) decreases.
So, for the late-time cosmology, one can drop this
term. But, without this term, the equation admits a
power-law solution as a ∝ t1=ϵ, where ϵ > 0 is
determined from the following equation:
0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.2
0.4
0.6
0.8
H
MP
FIG. 1. HMP vsϒ for Eq. (65). There is no de Sitter solution in the
gray region. As is clear, the de Sitter solution can be produced by
breaking the diffeomorphism symmetry.
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ϵ2ϒ2ð1þnϒþ2n2þ2nÞ
þð3ϒ−1Þð−1−2nþ3ϒþ3nϒ2Þ−ϵϒð−2þ5nϒ
þ6ϒþ6nϒ2þ6n2ϒ−2n2−4nÞ¼0: ð69Þ
This equation has two solutions. In one of them the
denominator of Eq. (62) approaches zero and we
will discuss it afterwards. The other solution is
ϵ ¼ 3nϒ
2 þ 3ϒ − 2n − 1
ϒð1þ 2nþ 2n2 þ nϒÞ : ð70Þ
For the latter solution the effective equation-of-state
parameter can be given as
weff ¼ −1þ
2
3
3nϒ2 þ 3ϒ − 2n − 1
ϒð1þ 2nþ 2n2 þ nϒÞ : ð71Þ
Note again that for ϒ ¼ 1 this result agrees with the
corresponding relation in Ref. [31]. We also see that,
since ϵ > 0, we can obtain constraints on ϒ from
Eq. (70). For example if we take n ¼ 1, we obtain
ϵ ¼ 3 ðϒ
2 þ ϒ − 1Þ
ϒð5þ ϒÞ : ð72Þ
Therefore, in order to impose ϵ > 0, we should take
ϒ > 0.61. To show the implication of the theory, let
us compare two situations. In the first case, we take
ϒ ¼ 1 which gives
weff jϒ¼1 ¼ −1þ
2
3
nþ 2
ð2n2 þ 3nþ 1Þ : ð73Þ
So, for n ¼ 1 we have weff jϒ¼1 ¼ −2=3, which
is not in agreement with the recent observations
[1]. Of course, as argued in Ref. [31], one can
increase n to fit the model with the observations as is
shown in Fig. 2. For example, if we require
weff jϒ¼1 ¼ −0.997 to reconcile the model with the
recent observations [1], we should take n ¼ 100,
which may not be interesting.
On the other hand, let us now consider n ¼ 1 and
leave ϒ arbitrary. Then from Eq. (70) we obtain
weff jn¼1 ¼ −1þ 2
ϒ2 þ ϒ − 1
ϒð5þ ϒÞ : ð74Þ
Here, we can change ϒ to fit the model with the
observations, as is shown in Fig. 3. For example, if
we takeϒ¼ 0.62, we haveweff jn¼1 ¼−0.997, which
is in agreement with the recent observations [1].
(iii) Accelerating by ϒ − 1
3
≪ 1: We have argued that at
the late time, t →∞, we can neglect the right-hand
side of Eq. (69). In addition to Eq. (70), there exists
another asymptotic solution of Eq. (69)
ϵ → 3 −
1
ϒ
: ð75Þ
It is important to stress that Eqs. (70) and (75) are the
asymptotic solutions of Eq. (69). In fact, from
Eq. (75) we see that the denominator of Eq. (62)
approaches zero, which means that the effective
density of the model increases with time. From
Eq. (75) it is clear that if we take ϒ − 1
3
≪ 1, the
accelerated expansion phase emerges. Let us now
discuss the second asymptotic solution of Eq. (69)
when we take ϒ ¼ 1. In this case, we have ϵ → 2, as
follows fromEq. (75). Thus,weff→ 1=3, i.e.a→ t1=2.
Actually this point for the usual ~fðR=M2Þ gravity has
been discussed in Ref. [33].
In the case of the matter-dominated eras (radiation or the
cold dark matter), it is sufficient to add the density of the
matter ρM, to the right-hand side of Eq. (49) and consider
H ¼ 1=kt, where k ¼ 2 for the radiation-dominated era and
k ¼ 3=2 for the cold dark matter-dominated era. For the
specific model (62), we obtain
2 4 6 8 10
n
0.95
0.90
0.85
0.80
0.75
0.70
eff
1
FIG. 2. weff jϒ¼1 vs n for Eq. (73).
0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
0.95
0.90
0.85
0.80
0.75
0.70
eff
n 1
FIG. 3. weff jn¼1 vs ϒ for Eq. (74).
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3M2PH
2 ¼ ρM þ ρeff ; ð76Þ
where
ρeff≡ M
4þ2n
H2nð18ϒ−6−6ϒkÞn× ðleft-hand side of Eq:ð68ÞÞ:
ð77Þ
Note that in the matter-dominated era ρeffρM ≪ 1, so that for
n ¼ 1 we obtain
3M2PH
2 ¼ ρM þ Ω
M6
H2
; ð78Þ
where [34]
Ωjradiation-dominated era ¼
1
6
ðϒ2 − 7ϒ − 3Þ;
Ωjdark matter-dominated era ¼
1
4
ðϒ2 − 3ϒ − 2Þ: ð79Þ
Thus, using Eq. (78) and ρeffρM ≪ 1, we have
3M2PH
2 ¼ ρM þ 3Ω
M2PM
6
ρM
: ð80Þ
From Eq. (78) or Eq. (80), it follows that in the matter-
dominated eras, ρeffρM ∝ 1. So, eventually ρeff will be
dominated and the mechanism for the power-law accel-
eration can occur.
B. ϒ= 0 case
Let us now focus our attention on the special caseϒ ¼ 0.
This special case was previously studied in Ref. [35] in a
different approach from ours.
To begin with, we note that Eq. (49) is valid for any ϒ.
On the other hand, for ϒ ¼ 0 this equation reduces to an
algebraic equation for the Hubble parameter. So, if the
equation has a solution we find that it is the de Sitter
solution which is suitable for the late-time cosmology.
For instance, consider Eq. (62) for n ¼ 1 and ϒ ¼ 0.
Then Eq. (49) with the matter density on the right-hand
side yields
3M2PH
2 ¼ ρM þ
1
6
M6
H2
: ð81Þ
This equation is similar to Eq. (78), but note that Eq. (81) is
valid during all the cosmological eras. Solving this equa-
tion for H2, we find
6M2PH
2 ¼ ρM þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρ2M þ 2M2PM6
q
: ð82Þ
So, at the late time we have
3H2 →
ﬃﬃﬃ
1
2
r
M3
MP
: ð83Þ
VI. DISCUSSION
Let us outline the main results of the paper. We have
analyzed the recently proposed version of fðRÞ gravity
with broken four-dimensional diffeomorphism by changing
the constant in front of the total divergence term that arises
in the (3þ 1) decomposition of scalar curvature. We have
shown that this naive modification of the theory is not
consistent from the Hamiltonian point of view due to the
fact that the Hamiltonian constraint is a second-class
constraint with itself. We have proposed two ways to
resolve this issue. The first one is based on the observation
that the Poisson bracket between the Hamiltonian con-
straint vanishes when we impose an additional constraint
on the scalar field B. However, a careful Hamiltonian
analysis shows that the restricted fðRÞ gravity with this
additional constraint is equivalent to the ordinary Einstein-
Hilbert action. Further, we have argued that the right way to
correctly define the restricted fðRÞ theory of gravity is to
include the terms which are invariant under the spatial
diffeomorphism, for example, the gradient of the lapse. We
have performed the Hamiltonian analysis of this theory and
we have found that it is consistent from the Hamiltonian
point of view and have shown that this theory is equivalent
to the low-energy limit of nonprojectable fðRÞ HL gravity.
Moreover, we have identified two global first-class con-
straints, which ensure that the Hamiltonian is invariant
under the global time reparametrization and global rescal-
ing of the lapse. Finally, we have discussed some cosmo-
logical applications of the restricted fðRÞ gravity and have
found several interesting implications. In particular, we
have discussed the differences between the usual Rn
gravity, with n < 0 and its corresponding restricted version.
In addition, it has been shown how the asymptotic solutions
of Rn gravity can be changed by the broken symmetry.
Moreover, we have found that it is possible to find the de
Sitter solution in the case of R2 gravity, which does not
exist in the case ofϒ ¼ 1. It has also been found that with a
suitable choice of the parameter ϒ, this solution describes
the inflation phase of cosmology with the correct number of
e-foldings. These results imply a nice physical meaning of
the parameter ϒ: for the early Universe ϒ determines the
scale of inflation and the stability of the de Sitter solution
[see Eq. (65)], while for the late-time cosmology, ϒ
determines the parameter in the equation of state, which
can be measured [see Eq. (71) and the discussion after it].
The results presented are encouraging and the cosmo-
logical applications in the context of restricted fðRÞ gravity
certainly deserve to be studied further and in more detail.
Specifically, one should analyze the fluctuations around the
cosmological solutions in this theory. We expect that there
is an additional scalar mode and its behavior should be
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analyzed. It would also be interesting to analyze this mode
around the flat background following the corresponding
analysis in the case of the healthy extension of non-
projectable HL gravity [9]. We hope to return to this
problem in the future.
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